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In this manuscript, the notion of cyclic weak φ-contraction is considered. It is shown that
a self-mapping T on a complete metric space X has a fixed point if it satisfied cyclic weak
φ-contraction.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
In 1969, Boyd and Wong [1] introduced the notion of Φ-contraction: a self-mapping T on a metric space X is called
Φ-contraction if there exists an upper semi-continuous functionΦ : [0,∞)→ [0,∞) such that
d(Tx, Ty) ≤ Φ(d(x, y)) for all x, y ∈ X .
In 1997, Alber and Guerre-Delabriere [2], gave the definition of weak φ-contraction for Hilbert spaces and proved the
existence of fixed points in Hilbert spaces. More precisely, a self-mapping T on ametric space X is calledweak φ-contraction
if φ : [0,∞)→ [0,∞) is a strictly increasing map with φ(0) = 0 and
d(Tx, Ty) ≤ d(x, y)− φ(d(x, y)), for all x, y ∈ X .
In 2001, Rhoades [3] proved that mainly the results of [2] remain true if one replaces Hilbert space with an arbitrary Banach
space. We should note that for a lower semi-continuous mapping φ, the functionΦ(u) = u−φ(u) coincides with Boyd and
Wong types.
In fixed point theory,Φ-contraction andweakφ-contraction have been studied bymany authors (see e.g., [4–7], also [8]).
2. Main results
Definition 1 (cf. [9]). Let X be a non-empty set,m a positive integer and T : X → X an operator. By definition, X = ∪mi=1 Xi
is a cyclic representation of X with respect to T if
(1) Xi, i = 1, . . . ,m are non-empty sets;
(2) T (X1) ⊂ X2, . . . , T (Xm−1) ⊂ Xm, T (Xm) ⊂ X1.
Definition 2 (cf. [9]). Let (X, d) be a metric space, m a positive integer, A1, A2, . . . , Am closed non-empty subsets of X and
Y = ∪mi=1 Ai. An operator T : Y → Y is called a cyclic weak φ-contraction if
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(1) ∪mi=1 Ai is a cyclic representation of Y with respect to T , and
(2) there exists a continuous, non-decreasing function φ : [0,∞) → [0,∞) with φ(t) > 0 for t ∈ (0,∞) and φ(0) = 0,
such that
d(Tx, Ty) ≤ d(x, y)− φ(d(x, y)) (2.1)
for any x ∈ Ai, y ∈ Ai+1, i = 1, 2, . . . ,mwhere Am+1 = A1.
Example 3. Let X = R with the usual metric. Consider the closed, non-empty subsets of X as follow: A1 = [0, 2], A2 =
[ 13 , 1], A3 = [ 23 , 1], A4 = [1, 43 ], A5 = [1, 53 ], A6 = [1, 2]with Y = ∪6i=1 Ai = [0, 2] = A1. Let T : Y → Y be defined by
T (A1) =

1
2
if 0 ≤ x < 1
3
1 otherwise
T (A2) =

5
6
if
1
3
≤ x < 2
3
1 otherwise
T (A3) =

7
6
if
2
3
≤ x < 5
6
1 otherwise
T (A4) =

3
2
if 1 ≤ x < 7
6
1 otherwise
T (A5) =

11
6
if
4
3
≤ x < 3
2
1 otherwise
T (A6) =
2 if
5
3
≤ x < 11
6
1 otherwise.
Then, T (A1) ⊂ A2, T (A2) ⊂ A3, T (A3) ⊂ A4, T (A4) ⊂ A5, T (A5) ⊂ A6, T (A6) ⊂ A1. On the other hand, if x1 ∈ A1 then
we have
Tx1 = x2 =

1
2
if 0 ≤ x1 < 13
1 otherwise
Tx2 = x3 =

5
6
if 0 ≤ x1 < 13
1 otherwise.
Tx3 = x4 = 1, Tx4 = x5 = 32 , Tx5 = x6 = 1 and thus Txn = xn+1 → 1.
Thus, ∪mi=1 Ai is a cyclic representation of Y with respect to T .
Example 4. Let X = Rwith the usual metric. Suppose A1 = [−1, 0] = A3 and A2 = [0, 1] = A4 and Y = ∪4i=1 Ai. Define T :
Y → Y such that Tx = − x3 for all x ∈ Y . It is clear that ∪4i=1 Ai is a cyclic representation of Y with respect to T . Furthermore,
if φ : [0,∞)→ [0,∞) is defined by φ(t) = t2 , then φ is strictly increasing and T is a cyclic weak φ-contraction.
Example 5. Let X = R with the usual metric. Let A1 = A2 = · · · = Am = [0, 1] and Y = ∪mi=1 Ai. Define T : Y → Y
such that Tx = x1+x for all x ∈ Y . It is clear that ∪mi=1 Ai is a cyclic representation of Y with respect to T . Furthermore, if
φ : [0,∞)→ [0,∞) is defined by φ(t) = t2t+2 , then φ is strictly increasing and T is a cyclic weak φ-contraction.
Theorem 6. Let (X, d) be a complete metric space, m a positive integer, A1, A2, . . . , Am closed non-empty subsets of X and
Y = ∪mi=1 Ai. Suppose that φ : [0,∞)→ [0,∞)with φ(t) > 0 is a continuous function for t ∈ (0,∞) and φ(0) = 0. Suppose
also that T is a cyclic weak φ-contraction where Y = ∪mi=1 Ai is a cyclic representation of Y with respect to T . Then, T has a unique
fixed point z ∈ ∩mi=1 Ai.
Proof. Let x0 ∈ Y = ∪mi=1 Ai and set xn+1 = Txn. Notice that, for any n ≥ 0, there exists in ∈ {1, 2, . . . ,m} such that xn ∈ Ain
and xn+1 ∈ Ain+1. Then by (2.1), we have
d(xn+1, xn+2) = d(Txn, Txn+1) ≤ d(xn, xn+1)− φ(d(xn, xn+1)).
Define tn = d(xn, xn+1). Then one can obtain
tn+1 ≤ tn − φ(tn) ≤ tn (2.2)
which implies that {tn} is a non-negative non-increasing sequence. Hence, {tn} converges to Lwhere L ≥ 0. So there are two
cases: L > 0 or L = 0. Assume that L > 0. Regarding that φ is non-decreasing, we get 0 < φ(L) ≤ φ(tn). Due to (2.2), we
have tn+1 ≤ tn − φ(tn) ≤ tn − φ(L) and so
tn+2 ≤ tn+1 − φ(tn+1) ≤ tn − φ(tn)− φ(tn+1) ≤ tn − 2φ(L).
Inductively, we obtain tn+p ≤ tn − pφ(L)which is a contradiction for large enough p ∈ N. Hence we have L = 0.
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Take ε > 0. Choose N0 ∈ N in a way that d(xN0 , xN0+1) ≤ min{ ε2 , φ( ε2 )}. We assert that T is a self-mapping on the closed
ball B(xN0 , ε). To prove our assertion, take x ∈ B(xN0 , ε). If d(x, xN0) ≤ ε2 , then due to (2.1) and triangle inequality, we have
d(Tx, xN0) ≤ d(Tx, TxN0)+ d(TxN0 , xN0)
≤ d(x, xN0)− φ(d(x, xN0))+ d(xN0+1, xN0)
<
ε
2
+ ε
2
= ε. (2.3)
Now consider the other case: d(x, xN0) >
ε
2 . Thus,
ε
2 < d(x, xN0) ≤ ε which implies that φ( ε2 ) ≤ φ(d(x, xN0)). Thus, due
to (2.1) and triangle inequality, we have
d(Tx, xN0) ≤ d(Tx, TxN0)+ d(TxN0 , xN0)
≤ d(x, xN0)− φ(d(x, xN0))+ d(xN0+1, xN0)
≤ ε − φ
ε
2

+ φ
ε
2

≤ ε. (2.4)
Thus in any case, Tx ∈ B(xN0 , ε). In other words, T is a self-mapping on the closed ball B(xN0 , ε) and thus xn ∈ B(xN0 , ε) for
each n > N0. Therefore, the sequence {xn} is Cauchy in the complete subspace Y . Since B(xN0 , ε) is closed, the sequence {xn}
is convergent in Y , say y ∈ Y .
Notice that the iterative sequence {xn} has an infinite number of terms in Ai for each i = 1, . . . ,m. Since Y is complete,
in each Ai, i = 1, . . . ,m, we can construct a subsequence of {xn} that converges to y. Regarding that each Ai, i = 1, . . . ,m
is closed, we conclude that y ∈ ∩mi=1 Ai and thus ∩mi=1 Ai ≠ ∅.
For simplicity, set Z = ∩mi=1 Ai. Clearly, Z is also closed and so complete. Consider the restriction of T on Z , that is,
T |Z : Z → Z which satisfies the assumptions of Theorem 1 in [3] (see also Theorem 1.5.1 in [10]) and thus, T |Z has a unique
fixed point, say z ∈ Z which is obtained by iteration from starting x0. We claim that for any initial value x ∈ Y , we get the
same limit point z ∈ Z = ∩mi=1 Ai. Indeed, for x ∈ Y = ∪mi=1 Ai, by repeating the above process, the corresponding iterative
sequence yields that T |Z has a unique fixed point, sayw ∈ ∩mi=1 Ai. Regarding that z, w ∈ ∩mi=1 Ai, we have z, w ∈ Ai for all i,
hence d(z, w) and d(Tz, Tw) are well defined. Due to (2.1),
d(z, w) = d(Tz, Tw) ≤ d(z, w)− φ(d(z, w))
which is a contradiction. Thus, z is the unique fixed point of T for any initial starting point x ∈ Y . 
Theorem 7. Let T : Y → Y be a self-mapping as in Theorem 6. Then the fixed point problem for T is well posed, that is, if there
exists a sequence {yn} in Y with d(yn, Tyn)→ 0, as n →∞, then yn → z as n→∞.
Proof. Due to Theorem 6, we know that for any initial value y ∈ Y , z ∈ ∩mi=1 Ai is the unique fixed point of T . Thus, d(yn, z)
is well defined. Consider
d(yn, z) ≤ d(yn, Tyn)+ d(Tyn, Tz) ≤ d(yn, Tyn)+ d(yn, z)− φ(d(yn, z))
which is equivalent to
0 ≤ d(yn, Tyn)− φ(d(yn, z)).
Letting n →∞ imply that φ(d(yn, z))→ 0 since d(yn, Tyn)→ 0, as n →∞. Regarding the definition of φ, we obtain that
d(yn, z)→ 0 which is equivalent to saying that yn → z as n →∞. 
Theorem 8. Let T : Y → Y be a self-mapping as in Theorem 6. Then T has the limit shadowing property, that is, if there exists a
convergent sequence {yn} in Y with d(yn+1, Tyn)→ 0, as n →∞, then there exists x ∈ Y such that d(yn, T nx)→ 0 as n →∞.
Proof. As in the proof of Theorem 7, we observe that for any initial value x ∈ Y , z ∈ ∩mi=1 Ai is the unique fixed point of T .
Thus, d(yn, z), d(yn+1, z) are well defined. Set y as a limit of a convergent sequence {yn} in Y . Consider
d(yn+1, z) ≤ d(yn+1, Tyn)+ d(Tyn, Tz) ≤ d(yn+1, Tyn)+ d(yn, z)− φ(d(yn, z)).
Letting n →∞, we get
d(y, z) ≤ d(y, z)− φ(d(y, z))
which is possible only ifφ(d(y, z)) = 0which implies that d(y, z) = 0 and thus y = z. Thus,we have d(yn, T nx)→ d(y, z) =
0, as n →∞. 
Theorem 9. Let X be a non-empty set, (X, d) and (X, ρ) be metric spaces, m a positive integer, A1, A2, . . . , Am closed non-empty
subsets of X and Y = ∪mi=1 Ai. Suppose that,
(1) Y = ∪mi=1 Ai is a cyclic representation of Y with respect to T
(2) d(x, y) ≤ ρ(x, y) for all x, y ∈ Y ,
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(3) (Y , d) is a complete metric space,
(4) T : (Y , d)→ (Y , ρ) is continuous,
(5) T : (Y , d)→ (Y , ρ) is a cyclic weak φ-contraction where φ : [0,∞)→ [0,∞) with φ(t) > 0 is a lower semi-continuous
function for t ∈ (0,∞) and φ(0) = 0.
Then, {T nx0} converges to z in (Y , d) for any x0 ∈ Y and z is the unique fixed point of T .
Proof. Let x0 ∈ Y . As in Theorem 6, the assumption (5) implies that {T nx0} is a Cauchy sequence in (Y , ρ). Taking (2) into
account, {T nx0} is a Cauchy sequence in (Y , d) and due to (3) it converges to z in (Y , ρ) for any x0 ∈ Y . Condition (4) implies
the uniqueness of z. 
In fixed point theory, after the remarkable paper by Huang–Zhang [11], cone metric spaces are considered by many
authors (see e.g. [12–17]). The theorems of this paper can be also generalized to cone metric spaces. Note that, in 2010, Du
[18] attempted to show that conemetric spaces are equivalent to (usual) metric spaces. In this paper, Du [18] used nonlinear
scalarization and he observed the equivalence up to properties of the nonlinear scalarization. Such kinds of contractive typed
fixed point theorems in conemetric spaces cannot be proved trivially by justmaking use of the nonlinear scalarization. Thus,
Du’s attempt to get equivalence between cone metric spaces and (usual) metric spaces is partially successful. Also notice
that Du’s paper has a gap [19].
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